In this paper, we obtain Chen's inequalities for submanifolds in (κ, µ)contact space form with two kinds of generalized semi-symmetric non-metric connections.
Introduction
H. A. Hayden introduced the notion of a semi-symmetric metric connection on a Riemannian manifold [15] . K. Yano studied a Riemannian manifold endowed with a semisymmetric metric connection [31] . Some properties of a Riemannian manifold and a hypersurface of a Riemannian manifold with a semi-symmetric metric connection were studied by T. Imai [16, 17] . Z. Nakao [25] studied submanifolds of a Riemannian manifold with semi-symmetric metric connections. N. S. Agashe and M. R. Chafle introduced the notion of a semisymmetric non-metric connection and studied some of its properties and submanifolds of a Riemannian manifold with a semi-symmetric non-metric connection [1, 2] . In [28] , we introduced a kind of generalized semi-symmetric non-metric connection as a generalization of a semi-symmetric metric connection and a semi-symmetric nonmetric connection and we studied the Einstein warped products and multiply warped products with this generalized semi-symmetric non-metric connection. In [21] , Li, He and Zhao introduced anothor kind of generalized semi-symmetric non-metric connection. They studied submanifolds in a Riemannian manifold with this kind of generalized semisymmetric non-metric connection.
On the other hand, one of the basic problems in submanifold theory is to find simple relationships between the extrinsic and intrinsic invariants of a submanifold. B. Y. Chen [6, 7, 8, 9, 10] established inequalities in this respect, called Chen inequalities. Afterwards, many geometers studied similar problems for different submanifolds in various ambient spaces; see, for example, [5, 11, 12, 14, 18, 20, 13, 19, 22, 35] . In [23, 26] , Mihai andÖzgür studied Chen inequalities for submanifolds of real space forms with a semi-symmetric metric connection and a semi-symmetric non-metric connection, respectively. Later, in [35] , Zhang, Zhang and Song obtained Chen's inequalities for submanifolds of a Riemannian manifold of quasi-constant curvature endowed with a semi-symmetric metric connection. At the meantime, in [33] , Zhang et al. obtained Chen's inequalities for submanifolds of a Riemannian manifold of nearly quasi-constant curvature endowed with a semi-symmetric non-metric connection. In [24] , Mihai andÖzgür studied Chen inequalities for submanifolds of complex space forms and Sasakian space forms with a semi-symmetric metric connection. In [3] , Ahmad, He, Tang and Zhao obtained Chen's inequalities for submanifolds in (κ, µ)-contact space form with a semi-symmetric metric connection. In [4] , Ahmad, Shahzad and Li obtained Chen's inequalities for submanifolds in (κ, µ)-contact space form with a semi-symmetric non-metric connection.
The paper is organized as follows. In Section 2, we give a brief introduction about two kinds of generalized semi-symmetric non-metric connections. In Section 3, we establish Chen's inequalities for submanifolds in (κ, µ)-contact space form with the first generalized semi-symmetric non-metric connection. In Section 4, we establish Chen's inequalities for submanifolds in (κ, µ)-contact space form with the second generalized semi-symmetric non-metric connection.
Preliminaries
Let N n+p be an (n + p)-dimensional Riemannian manifold with Riemannian metric g and the Levi-Civita connection ∇. Let ∇ be a linear connection defined by
where P is a vector field on N and π(X) = g(P, X). We call ∇ as the first generalized semisymmetric non-metric connection. When λ 1 = λ 2 = 1, ∇ is the semi symmetric metric connection and when λ 1 = 1, λ 2 = 0, ∇ is the semi symmetric non-metric connection.
be the curvature tensor of ∇. The curvature tensor of ∇, say R, can be defined as the same. Let
be two (0, 2)-tensors, then we have
For simplicity, we denote by tr(α) = λ and tr(β) = µ.
Let M n be an n-dimensional submanifold of an (n + p)-dimensional Riemannian manifold N n+p . On the submanifold M we consider the induced generalized semi-symmetric non-metric connection denoted by ∇ and the induced Levi-Civita connection denoted by ∇. Let R and R be the curvature tensors of ∇ and ∇. Decomposing the vector field P on N uniquely into its tangent and normal components P ⊤ and P ⊥ , respectively, then we have P = P ⊤ + P ⊥ . The Gauss formulas with respect to ∇ and ∇ can be written as:
where h is the second fundamental form of M in N and
In N n+p we can choose a local orthonormal frame e 1 , · · · , e n , e n+1 , · · · , e n+p , such that, restricting to M, e 1 , · · · , e n are tangent to M n . We write h r ij = g(h(e i , e j ), e r ). The squared length of h is ||h|| 2 = n i,j=1 g(h(e i , e j ), h(e i , e j )) and the mean curvature vector of M associated to ∇ is H = 1 n n i=1 h(e i , e i ). Similarly, the mean curvature vector of M associated to ∇ is H = 1 n n i=1 h(e i , e i ). We have the Gauss equation
Let Π ⊂ T x M, x ∈ M, be a 2-plane section and Π = span{e 1 , e 2 } where e 1 , e 2 are orthonormal basis of Π. Since R(X, Y, Z, W ) = −R(X, Y, W, Z), we define K(Π) the sectional curvature of M with the induced connection ∇ as follows:
[R(e 1 , e 2 , e 2 .e 1 ) − R(e 1 , e 2 , e 1 .e 2 )], then K(Π) is independent of the choice of e 1 , e 2 . For any orthonormal basis {e 1 , · · · , e n } of the tangent space T x M, the scalar curvature τ at x is defined by
K(e i ∧ e j ) = 1 2 1≤i,j≤n R(e i , e j , e j , e i ).
Let ∇ be a linear connection called the second generalized semi-symmetric non-metric connection defined by
Let R be the curvature tensor of ∇. Let ( ∇ X π)(Y ) = α ′ (X, Y ) be a (0, 2)-tensor. The following equality states the relationship between R and R (see [21] (7)):
We denote by tr(α ′ ) = λ ′ . The Gauss formulas with respect to ∇ can be written as:
Then
By (25) in [21] , we have the Gauss equation
Chen inequalities for submanifolds in (κ, µ)-contact space form with the first generalized semi-symmetric non-metric connection.
A (2m + 1)-dimensional Riemannian manifold (N 2m+1 , g) has an almost contact metric structure if it admits a (1, 1)-tensor field ϕ, a vector field ξ and 1-form η satisfying:
for any vector fields X, Y on T N. Let Φ denote the fundamental 2-form in N, given by Φ(X, Y ) = g(X, ϕY ), for all X, Y on T N. If Φ = dη, then N is called a contact metric manifold. In a contact metric manifold N, the (1, 1)-tensor field h ′ defined by 2h ′ = L ξ ϕ is symmetric and satisfies
where κ and µ are constants. If ξ ∈ N(κ, µ), N is called a (κ, µ)-contact metric manifold A plane section Π in T x N is called a ϕ-section if it is spanned by X and ϕX, where X is a unit tangent vector field orthogonal to ξ. The sectional curvature of a ϕ-section is called a ϕ-sectional curvature. If a (κ, µ)-contact metric manifold N has constant ϕ-section curvature c, then it is called a (κ, µ)-contact space form and it is denoted by N(c). The curvature tensor R of N(c) with respect to the Levi-civita connection ∇ is expressed by
For any tangent vector field X to M, we put
whereP X and F X are tangential and normal components of ϕX respectively and we decompose
where ξ ⊤ and ξ ⊥ denote the tangential and normal parts of ξ. Let (ϕh ′ ) ⊤ X and (h ′ ) ⊤ X denote the tangential parts of ϕh ′ X and h ′ X respectively. We set
We denote by β(Π) = g 2 (P e 1 , e 2 ) = g 2 (ϕe 1 , e 2 ), where {e 1 , e 2 } is an orthonormal basis of a 2-plane section Π. Put
Then γ(Π) and θ(Π) do not depend on the choice of orthonormal basis {e 1 , e 2 }. We have the following Chen's inequalities:
Proof. Let x ∈ M and {e 1 , · · · , e n } and {e n+1 , · · · , e n+p } be orthonormal basis of T x M and T ⊥ x M respectively. For X = W = e i , Y = Z = e j , i = j by (2.2),(2.3) and (3.1), we have
− g(h(e i , e j ), h(e i , e j )) + g(h(e i , e i ), h(e j , e j )) − (λ 1 − λ 2 )g(h(e j , e j ), P ).
Let Π = span{e 1 , e 2 } and by (3.2), we have R(e 1 , e 2 , e 2 , e 1 ) = c + 3
Similarly, we have
By (2.4),(3.4) and (3.5), we have
By Lemma 2.4 in [35] , we get
By ( (i) For each unit vector X in T x M we have
(ii) If H(x) = 0, then a unit tangent vector X at x satisfies the equality case of (3.8) if and only if X ∈ N (x) = {X ∈ T x M|h(X, Y ) = 0, ∀Y ∈ T x M}.
(iii) The equality of (3.8) holds for all unit tangent vector at x if and only if h r ij = 0, i, j = 1, 2, · · · , n, r = n + 1, · · · , n + p.
Proof. Let X ∈ T x M be a unit tangent vector at x. We choose the orthonormal basis {e 1 , · · · , e n } such that e 1 = X. Then by (3.2), we have Ric(X) = n j=2 R(e 1 , e j , e j , e 1 ) = (n − 1)(c + 3) which together with (3.9) gives (3.8). The Proofs of (ii) and (iii) are same as the proofs of (ii) and (iii) in Theorem 5.2 in [35] .
Let L be a k-plane section of T x M, x ∈ M and X a unit vector in L. We choose an orthonormal frame e 1 , · · · , e k of L such that e 1 = X. In [7] , Chen defined the k-Ricci curvature of L at X by Ric L (X) = K 12 + K 13 + · · · + K 1k .
For an integer k, 2 ≤ k ≤ n, the Riemannian invariant Θ k on M defined by
where L runs over all k-plane sections in T x M and X runs over all unit vectors in L. We have 
Proof. We choose the orthonormal frame {e 1 , · · · , e n , e n+1 , · · · , e n+p } at x such that the e n+1 is in the direction of the mean curvature vector H(x) and {e 1 , · · · , e n } diagonalize the shape operator A n+1 . Then the shape operators take the following form (3.12) A n+1 = diag(a 1 , a 2 , · · · , a n ), traceA r = 0, r = n + 2, · · · , n + p.
By (3.12), we get
Since n j=1 a 2 j ≥ n H 2 , by (3.10) and (3.13), we completes the proof.
Nextly, we prove Casorati inequalities. We denote the Casorati curvature with respect to ∇ by
Suppose now that L is an l-dimensional subspace of T x M, l ≥ 2, and {e 1 , · · · , e l } be an orthonormal basis of L. Then the Casorati curvature of the l-plane section L with respect to ∇ is given by
Then normalized δ-Casorati curvature δ c (n − 1) andδ c (n − 1) with respect to ∇ are given by
Theorem 3.5. Let M n , n ≥ 3, be an n-dimensional submanifold of a (2m+1)-dimensional (κ, µ)-contact space form of constant ϕ-sectional curvature N(c) endowed with a connection ∇, then:
Moreover, if P is tangent to M, the equality case of (3.14) holds if and only if M is an invariantly quasi-umbilical submanifold in N, such that with respect to suitable orthonormal tangent frame {e 1 , · · · , e n } and normal orthonormal frame {e n+1 , · · · , e n+p }, the shape operator A r = A er , r ∈ {n + 1, · · · , n + p},taking the following forms:
A n+1 = diag(a, a, · · · , a, 2a), A n+2 = · · · = A n+p = 0.
(ii) The normalized δ-Casorati curvatureδ c (n − 1) satisfies
By Lemma 4 in [34] , we have Q ≥ 0, so we get (3.14) . Similar to the proof of Theorem 3 in [34] , we can prove Theorem 3.5.
4.
Chen inequalities for submanifolds in (κ, µ)-contact space form with the second generalized semi-symmetric non-metric connection.
Let τ and K(Π) be the scalar curvature and the section curvature with respect to the connection ∇ respectively. Similar to Theorem 3.1, we have 
Proof. Let x ∈ M and {e 1 , · · · , e n } and {e n+1 , · · · , e n+p } be orthonormal basis of T x M and T ⊥ x M respectively. For X = W = e i , Y = Z = e j , i = j by (2.7),(2.8) and (3.1), we have Then τ (x) = (n − 1)n 2
Let Π = span{e 1 , e 2 } and by (4.1), we have
− bπ( h(e 2 , e 2 )) + 
(4.6)
Similarly to Theorem 3.4, we have 
We denote the Casorati curvature with respect to ∇ by C. We denote the normalized δ-Casorati curvature by δ c (n − 1) and δ c (n − 1) with respect to ∇. Similarly to Theorem 3.5, we have (i) The normalized δ-Casorati curvature δ c (n − 1) satisfies 2 τ ≤n(n − 1) δ c (n − 1) + c + 3 4 (n − 1)n + 3(c − 1) 4 || P || 2 − c + 3 − 4κ 2 (n − 1)||ξ ⊤ || 2 (4.8)
− (n − 1)bλ ′ + (n − 1)b 2 ||P ⊤ || 2 − b(n − 1)nπ( H).
(ii) The normalized δ-Casorati curvature δ c (n − 1) satisfies 2 τ ≤n(n − 1) δ c (n − 1) + c + 3 4 (n − 1)n + 3(c − 1) 4 || P || 2 − c + 3 − 4κ 2 (n − 1)||ξ ⊤ || 2 (4.9)
Acknowledgements
The author was supported in part by NSFC No.11771070.
